Amenable Orders Associated with Inverse Transversals  by Blyth, T.S & Almeida Santos, M.H
Journal of Algebra 240, 143–164 (2001)
doi:10.1006/jabr.2001.8730, available online at http://www.idealibrary.com on
Amenable Orders Associated with Inverse Transversals
T. S. Blyth
Mathematical Institute, University of St Andrews, Scotland
and
M. H. Almeida Santos
Departamento de Matema´tica, F.C.T., Universidade Nova de Lisboa, Portugal
Communicated by T. E. Hall
Received March 10, 2000
If S is a regular semigroup with an inverse transversal S◦ = x◦x ∈ S then an
order ≤ on S is said to be amenable with respect to S◦ if
(1) ≤ is compatible with the multiplication of S;
(2) on the idempotents, ≤ coincides with the natural order ≤n;
(3) x ≤ y ⇒ x◦x ≤n y◦y xx◦ ≤n yy◦.
This notion is in fact independent of the choice of inverse transversal. Here we
consider the case where S is locally inverse (equivalently, where S◦ is a quasi-ideal).
We give a complete description of all amenable orders on S and characterise the
natural order ≤n as the smallest of these. We also establish a bijection from the set
of amenable orders deﬁnable on S to the set of McAlister cones of S◦, whence every
amenable order on S◦ extends to a unique amenable order on S. © 2001 Academic
Press
If S is a regular semigroup then an inverse transversal of S is an inverse
subsemigroup T that contains precisely one inverse of every x ∈ S. If T is
a given inverse transversal of S then for every x ∈ S we shall denote by x◦
the unique element of T ∩ V 
x and write T as S◦ = x◦x ∈ S. For a
succinct summary of the basic properties of inverse transversals on regular
semigroups we refer the reader to the survey article 1. Here we give only
the following useful outline.
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Let S be a regular semigroup with an inverse transversal S◦. Important
subsets of S are
L = xx◦x◦◦x ∈ S = x ∈ Sx = xx◦x◦◦ = x ∈ Sx◦x = x◦x◦◦
R = x◦◦x◦xx ∈ S = x ∈ Sx = x◦◦x◦x = x ∈ Sxx◦ = x◦◦x◦

Both L and R are subsemigroups with L left inverse (or -unipotent) and R
right inverse (or -unipotent). Moreover, L ∩ R = S◦. The idempotents of
L form the right regular sub-band
I = xx◦x ∈ S = x ∈ Sx = xx◦ = x ∈ Sx◦x = x◦
and the idempotents of R form the left regular sub-band
 = x◦xx ∈ S = x ∈ Sx = x◦x = x ∈ Sxx◦ = x◦

Moreover, I ∩  = E
S◦, the semilattice of idempotents of S◦.
The situation can be conveniently summarised by the Venn diagram
Note that S◦ is also an inverse transversal of each of the (orthodox) sub-
semigroups L and R.
Fundamental properties of the unary operation x → x◦ are
(α) the expansion formulae

∀x y ∈ S 
xy◦ = 
x◦xy◦x◦ = y◦
xyy◦◦ = y◦
x◦xyy◦◦x◦
(β) the property that if x ∈ L or y ∈ R then 
xy◦ = y◦x◦, which gives
in particular
(γ) 
∀x y ∈ S 
xy◦◦ = y◦◦x◦ 
x◦y◦ = y◦x◦◦;

δ Green’s relations on S given by

x y ∈  ⇐⇒ x◦x = y◦y

x y ∈  ⇐⇒ xx◦ = yy◦

inverse transversals 145
It is known [4] that if a regular semigroup S has an inverse transversal
then all inverse transversals of S are isomorphic.
Also, for our purposes here, we recall (see, for example, [5]) that the
natural order ≤n on a regular semigroup S is given by
x ≤n y ⇐⇒ 
∃e f ∈ E
S ey = x = yf

In an inverse semigroup either of these equalities sufﬁces. For idempotents
e f ∈ S we have
e ≤n f ⇐⇒ e = ef = fe

When S has an inverse transversal, a simple property of ≤n is the
following.
Theorem 1. If S◦ is an inverse transversal of S then, for all x y ∈ S,
(1) x◦x ≤n y◦y ⇐⇒ x ∈ Sy
(2) xx◦ ≤n yy◦ ⇐⇒ x ∈ yS.
Proof. (1) If x◦x ≤n y◦y then x◦x = x◦xy◦y whence we have x =
xy◦y ∈ Sy. Conversely, if x = zy ∈ Sy then xy◦y = zy = x whence x◦xy◦y =
x◦x. Post-multiplying this by x◦x and using the fact that  is left regular,
we obtain y◦yx◦x = x◦x and consequently x◦x ≤n y◦y.
(2) is established similarly.
If S is a regular semigroup with an inverse transversal S◦ then we shall
say that an order ≤ on S is amenable with respect to S◦ if
(A1) ≤ is compatible with the multiplication of S;
(A2) on the subset of idempotents, ≤ coincides with the natural
order ≤n;
(A3) x ≤ y ⇒ x◦x ≤n y◦y xx◦ ≤n yy◦.
It follows immediately from Theorem 1 that an amenable order is in fact
independent of the inverse transversal chosen.
This deﬁnition of an amenable order generalises that introduced by
McAlister [6] in his investigations into compatible orders on inverse semi-
groups. We recall from [6] that if S is an inverse semigroup then there is
a bijection between the set of orders ≤ on S that are left amenable (that
is, are compatible with multiplication in S, extend the natural order on the
idempotents, and are such that if x ≤ y then x−1x ≤ y−1y) and the set of
subsemigroups Q of the semigroup R
E = x ∈ S 
∀e ∈ E
Sexe = xe
with the properties Q ∩ Q−1 = E
S and xQx−1 ⊆ Q for every x ∈ S.
The dual result concerning right amenable orders involves the semigroup
L
E = x ∈ S 
∀e ∈ E
Sexe = ex. Since R
E ∩ L
E = E
Sζ, the
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centraliser of E
S, there is therefore a bijection between the amenable
orders and the subsemigroups C of E
Sζ such that C ∩ C−1 = E
S and
xCx−1 ⊆ C for every x ∈ S. Such a subsemigroup C we shall refer to
henceforth as a McAlister cone of the inverse semigroup S.
In a previous publication [2] we considered the case of an orthodox semi-
group S with an inverse transversal S◦ that is multiplicative, in the sense
that I ⊆ E
S◦, and obtained a complete description of the orders on S
that are amenable. Here our objective is to obtain a signiﬁcant generali-
sation, namely to the case where S is locally inverse. In this connection it
should be noted that there are several equivalent viewpoints. In fact, for a
regular semigroup S with an inverse transversal S◦ the following statements
are equivalent:
(1) S is locally inverse;
(2) the natural order ≤n on S is compatible with multiplication;
(3) S◦ is a quasi-ideal, in the sense that S◦SS◦ ⊆ S◦;
(4) the sub-bands I and  are normal;
(5) I ⊆ S◦;
(6) SS◦ ⊆ L and S◦S ⊆ R;
(7) L is a left ideal and R is a right ideal of S.
The equivalence of 
1 and 
2 is a well known result of Nambooripad [7].
For the equivalence of (1), (3), (4), (5) see [1, 3]. As for (6), (7), these are
new and are established as follows:

3 ⇒ 
6 If 
3 holds then
x◦y = x◦y
x◦y◦x◦y = x◦y◦◦
x◦y◦x◦y = 
x◦y◦◦
x◦y◦x◦y ∈ R
whence S◦S ⊆ R; and dually SS◦ ⊆ L.

6 ⇒ 
7 If 
6 holds then we have xyy◦y◦◦ ∈ L, whence SL ⊆ L;
and dually RS ⊆ R.

7 ⇒ 
5 If 
7 holds then for l ∈  and i ∈ I we have li = lii◦ ∈
SS◦ ⊆ SL ⊆ L and li = l◦li ∈ S◦S ⊆ RS ⊆ R, whence li ∈ L ∩ R = S◦ and
we have 
5.
Before moving to general considerations we list, in the case where S is
locally inverse, some properties of ≤n that will be of use later.
Theorem 2. If S is a locally inverse semigroup with an inverse transversal
S◦ then
(1) the natural order ≤n on S is amenable;
(2) if e f ∈ E
S then e ≤n f ⇐⇒ ee◦ ≤n ff ◦ e◦e ≤n f ◦f ;
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(3) e ≤n f ⇒ e◦ ≤n f ◦
(4) e ≤n f ⇒ e◦f ∈ , fe◦ ∈ I.
Proof. (1) It sufﬁces to show that ≤n satisﬁes 
A3. Suppose then that
x ≤n y, so that there exist e f ∈ E
S such that x = ey = yf . Observe that
x = yf gives x = yy◦x whence we have xx◦ = yy◦xx◦; and, by 
α,
x◦yy◦ = 
yf ◦yy◦ = 
y◦yf ◦y◦yy◦ = 
y◦yf ◦y◦ = 
yf ◦ = x◦
whence xx◦yy◦ = xx◦. Thus we have xx◦ ≤n yy◦, and similarly x◦x ≤n y◦y.
(2) In view of (1) it sufﬁces to observe that (in general) if ee◦ ≤n ff ◦
then ee◦ = ff ◦ee◦ gives e = ff ◦e whence e = fe; and similarly e◦e ≤n f ◦f
gives e = ef ◦f whence e = ef .
(3) Since S is locally inverse, ≤n is compatible with multiplication
and so from e ≤n f we obtain e◦f ◦◦ = e◦ee◦f ◦◦ ≤n e◦fe◦f ◦◦ = e◦f ◦◦e◦f ◦◦
since S◦SS◦ ⊆ S◦. But x ≤n x2 gives x = e′x2 for some e′ ∈ E
S, whence
x = e′x and so x2 = e′x2 = x. Applying this to the above, we obtain e◦f ◦◦ ∈
E
S◦. Now e ≤n f also gives, by 
α and 
γ, e◦ = 
fe◦ = 
f ◦fe◦f ◦ =

f ◦e◦f ◦ = e◦f ◦◦f ◦. Since e◦f ◦◦ ∈ E
S◦ it follows that e◦ ≤n f ◦.
(4) If e ≤n f then the compatibility of ≤n and (3) give e◦e ≤n
e◦f ≤n f ◦f . Post-multiplying throughout by e◦e we obtain e◦e = e◦fe◦e.
Post-multiplying this by e◦f now gives e◦f = e◦fe◦f and so e◦f ∈ E
S. But
e◦f ∈ S◦S ⊆ R and so e◦f ∈ E
S ∩ R = . Dually, we have fe◦ ∈ I.
In what follows we shall suppose that S is a regular semigroup with an
inverse transversal S◦. Consider the set
T = x ∈ SxS ⊆ x◦S

Since xS ⊆ x◦S gives x = x◦y for some y ∈ S, whence x = x◦x2, and
conversely x = x◦x2 gives xS ⊆ x◦S, we see that an equivalent deﬁnition
of T is
T = x ∈ Sx = x◦x2

In general, T is not a subsemigroup of S, but E
T  = x ∈ Sx = x◦x = .
Theorem 3. The biggest full subsemigroup of T is
∗ = x ∈ S 
∀l ∈  lxl = xl

Proof. Since  is left regular it is clear that  ⊆ ∗. If now x y ∈
∗ then for all l ∈  we have lxyl = lxlyl = xlyl = xyl. Hence ∗ is a
subsemigroup of S. Also, if x ∈ ∗ then, taking l = x◦x, we obtain x◦x · x ·
x◦x = xx◦x, i.e. x◦x2 = x, so that ∗ ⊆ T . Thus ∗ is a full subsemigroup
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of T . Suppose now that U is a full subsemigroup of T . Then for all x ∈ U
and all l ∈  we have xl ∈ U ⊆ T and so, using 
β, we see that
xl = 
xl◦xlxl = l◦x◦xlxl= l◦lx◦xlxl  left regular
= lx◦xlxl
whence xl = lxl and so x ∈ ∗. Thus ∗ is the biggest full subsemigroup
of T .
The notion of a McAlister cone in an inverse semigroup can be gener-
alised as follows to the present situation.
Deﬁnition. A subset Q of S will be called an R-cone if

C1 Q is a full subsemigroup of T ;

C2 Q ∩Q◦ = E
S◦;

C3 
∀x ∈ R xQx◦ ⊆ Q.
Dually, we can consider the subset I∗ = x ∈ S 
∀i ∈ I ixi = ix and
formulate the notion of an L-cone. The following properties of R-cones
have duals for L-cones.
Theorem 4.  is the smallest R-cone of S.
Proof. It is clear that  satisﬁes 
C1 and 
C2. As for 
C3, for all x ∈ R
and l ∈  we have

xlx◦◦xlx◦ =x◦◦
xl◦xlx◦ by 
γ
=x◦◦l◦x◦xlx◦ by 
β
=x◦◦x◦xlx◦  right regular
=xlx◦
so that xx◦ ⊆ . Thus  is an R-cone. By 
C1, it is the small-
est R-cone.
Theorem 5. If Q is an R-cone then x ∈ Q⇒ x◦◦ ∈ Q.
Proof. Clearly x◦x◦◦ x◦◦x◦ ∈ Q so if x ∈ Q then x◦◦ = x◦◦x◦ · x ·
x◦x◦◦ ∈ Q.
Deﬁnition. An order ≤ on S will be called I-natural if
(1) x ≤ y ⇒ xx◦ ≤ yy◦;
(2) ≤ and ≤n coincide on I.
Theorem 6. If Q is an R-cone then the relation ≤Q deﬁned on L by
x ≤Q y ⇐⇒ xx◦ ≤n yy◦ x◦y ∈ Q
is an order on L that is I-natural.
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Proof. That ≤Q is reﬂexive on L results from the fact that x◦x ∈  ⊆ Q.
If x ≤Q y and y ≤Q x then xx◦ = yy◦ and x◦y y◦x ∈ Q. It follows by
Theorem 5 that x◦y◦◦ y◦x◦◦ ∈ Q. Then y◦x◦◦ = 
x◦y◦ ∈ Q◦ ∩Q = E
S◦ so
y◦ = y◦y◦◦y◦ = y◦x◦◦x◦ gives y◦ ≤n x◦. Likewise, x◦ ≤n y◦ and so x◦ = y◦.
Hence, since x y ∈ L, we obtain x = xx◦x◦◦ = yy◦y◦◦ = y, so that ≤Q is
anti-symmetric. If now x ≤Q y and y ≤Q z then xx◦ ≤n yy◦ ≤n zz◦ and
x◦y y◦z ∈ Q. Consequently x◦z = x◦yy◦z ∈ Q and so ≤Q is transitive. Thus
≤Q is an order on L.
Now for i j ∈ I ⊆ L we have, using 
β,
i ≤n j ⇒ i = ji ⇒ i◦ = i◦j◦
⇒ i◦j = i◦j◦j = i◦j◦ ∈ E
S◦ ⊆ Q

Consequently i ≤Q j ⇔ i ≤n j and so ≤Q and ≤n coincide on I. It follows
from the deﬁnition that ≤Q is I-natural.
There is of course a dual result to Theorem 6 which shows that if P is an
L-cone then the relation ≤P deﬁned on the right inverse subsemigroup R by
x ≤P y ⇐⇒ x◦x ≤n y◦y yx◦ ∈ P
is an order on R that is -natural.
Deﬁnition. An order ≤ on S will be called normal if it is both I-natural
and -natural.
As the following result shows, we can build a normal order on S from an
I-natural order ≤Q on L and a -natural order ≤P on R.
Theorem 7. Let Q, P be respectively an R-cone and an L-cone of S.
Then the relation ≤QP deﬁned on S by
x ≤QP y ⇐⇒ xx◦x◦◦ ≤Q yy◦y◦◦ x◦◦x◦x ≤P y◦◦y◦y
⇐⇒ xx◦ ≤n yy◦ x◦y ∈ Q x◦x ≤n y◦y yx◦ ∈ P
is an order on S that is normal.
Proof. That the two deﬁnitions of ≤QP are equivalent follows from
Theorem 6 and the fact that x◦yy◦y◦◦ ∈ Q gives x◦y = x◦yy◦y◦◦ · y◦y ∈
Q ⊆ Q and conversely.
It is clear that ≤QP is both reﬂexive and transitive. Suppose that x ≤QP y
and y ≤QP x. Then
xx◦x◦◦ = yy◦y◦◦ x◦◦x◦x = y◦◦y◦y xx◦ = yy◦ x◦x = y◦y

It follows that x = xx◦ · x◦◦ · x◦x = yy◦ · y◦◦ · y◦y = y. Thus ≤QP is also
anti-symmetric and so is an order on S.
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If now i j ∈ I then i ≤n j gives i◦ ≤n j◦ whence, since ≤P is -natural,
we have i◦ ≤P j◦. Consequently
i ≤QP j ⇐⇒ i ≤Q j ⇐⇒ i ≤n j
and therefore ≤QP is I-natural. Similarly it is -natural. Hence ≤QP is
normal.
As the following example shows, a normal order on S does not in general
coincide with ≤n on the whole of E
S, nor is it in general compatible with
multiplication.
Example 1. The set of real matrices
S =
{[
x x
x x
]

[
x 0
x 0
]

[
x x
0 0
]

[
x 0
0 0
]
 x = 0
}
∪ I2
is a regular monoid with inverse transversal
S◦ =
{[
x−1 0
0 0
]
 x = 0
}
∪ I2

Here we have in particular
 =
{[
1 1
0 0
]

[
1 0
0 0
]}
∪ I2

Consider the idempotents of S given by
E =
[ 1
2
1
2
1
2
1
2
]
 F =
[
1 1
0 0
]


Observe that E ≤n I2 but E◦I2 =
[ 2 0
0 0
]
/∈  and so E ≤ I I2. Thus ≤ I
does not coincide with ≤n on the whole of E
S. Also, since ≤ I is normal
and F I2 ∈  with F ≤n I2, we have that F ≤ I I2. But since F◦E =[ 1/2 1/2
0 0
]
/∈  we have that
FE = F ≤ I E = I2E

Hence ≤ I is not compatible with multiplication.
Precisely when the normal order ≤QP is compatible is the substance of
the following result which highlights the locally inverse situation.
Theorem 8. Let Q, P be respectively an R-cone and an L-cone of S.
Then the following statements are equivalent:
(1) ≤QP is compatible with multiplication;
(2) ≤QP is amenable;
(3) S is locally inverse.
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Proof. 
1 ⇒ 
3 If ≤QP is compatible with multiplication then so is
its restriction to I, namely the natural order on I. The band I is therefore
normal. Dually,  is also normal and so S is locally inverse.

3 ⇒ 
2 Suppose that (3) holds. We have to show that ≤QP satisﬁes

A1 
A2 
A3. It is clear that 
A3 holds. As for 
A2, let e f ∈ E
S.
Then by Theorem 2(2) we have

∗ e ≤QP f ⇐⇒ e ≤n f e◦f ∈ Q fe◦ ∈ P

But by Theorem 2(4) we have e◦f ∈  and fe◦ ∈ I. It follows by Theorem 4
and its dual that 
∗ reduces to
e ≤QP f ⇐⇒ e ≤n f
whence we have 
A2. That 
A1 also holds involves a more intricate argu-
ment. To show that ≤QP is compatible on the left we have to show that if
x ≤QP y then, for every z ∈ S,
zx
zx◦ ≤n zy
zy◦ 
zx◦zy ∈ Q

zx◦zx ≤n 
zy◦zy zy
zx◦ ∈ P

As to the ﬁrst of these, we have
zy
zy◦zx
zx◦ = zyy◦
zyy◦◦zxx◦
zxx◦◦
= zyy◦
zyy◦◦zyy◦xx◦
zxx◦◦ x = yy◦x
= zyy◦xx◦
zxx◦◦
= zxx◦
zxx◦◦
= zx
zx◦

I being left regular, pre-multiplication by zx
zx◦ gives zx
zx◦zy
zy◦ =
zx
zx◦. Consequently zx
zx◦ ≤n zy
zy◦.
As to the second, we have

zx◦zy =x◦
zxx◦◦zy
=x◦
zyy◦xx◦◦zy
=x◦
zyy◦x◦◦x◦◦zy S◦SS◦ ⊆ S◦
=x◦x◦◦x◦y◦◦
zy◦zy
=x◦y◦◦
zy◦zy
∈ Q ⊆ Q x◦y◦◦ ∈ Q
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As to the third, we have

zx◦zx
zy◦zy =
zx◦zx
zy◦zy · y◦y
=
zy◦zy
zx◦zx · y◦y  normal
=
zy◦zy
zx◦zx x = xy◦y

zy◦zy
zx◦zx=
zy◦zyx◦
zxx◦◦zx
=
zy◦zyx◦
zyy◦xx◦◦zx
=
zy◦zyx◦
zyy◦x◦◦x◦◦zx
=
zy◦zyx◦
zyy◦◦zyy◦x yy◦x = x
=
zy◦zyx◦y◦◦
zy◦zyy◦x
=x◦y◦◦
zy◦zyy◦x x◦y◦◦ ∈ Q ⊆ ∗
= 
zyy◦x◦◦◦zx yy◦x = x
=x◦
zyy◦x◦◦x◦◦zx
=x◦
zyy◦xx◦◦zx S◦SS◦ ⊆ S◦
=x◦
zxx◦◦zx
=
zx◦zx

Consequently 
zx◦zx ≤n 
zy◦zy.
Finally, for the fourth part we observe that
zy
zx◦ = zyx◦
zxx◦◦
= zyx◦
zyy◦xx◦◦
= zyx◦x◦◦x◦
zyy◦◦
= zyx◦
zyy◦◦
= zz◦zyy◦y◦◦y◦yx◦
zyy◦◦
= zz◦
zyy◦◦◦y◦◦y◦yx◦
zyy◦◦ S◦SS◦ ⊆ S◦
∈ P
since each of the underlined elements is in P .
Thus we see that ≤QP is compatible on the left. Dually it can be seen that
≤QP is also compatible on the right. Hence 
A1 holds, and consequently
≤QP is amenable.

2 ⇒ 
1 This is clear.
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Our objective now is to show that when S is locally inverse, every
amenable order on S is of the form ≤QP for some R-cone Q and some
L-cone P . For this purpose we require the following results.
Theorem 9. If S is locally inverse then
(1) T ⊆ R;
(2) 
∀y ∈ R y∗y◦ ⊆ ∗.
Proof. (1) If x ∈ T then we have x = x◦x2 ∈ S◦S ⊆ R.
(2) Let x ∈ ∗ and y ∈ R. Then for all l ∈  we have
yxy◦l= yx
y◦l◦◦
y◦l◦y◦l y◦l ∈ S◦ ⊆ R
= y
y◦l◦◦
y◦l◦x
y◦l◦◦
y◦l◦y◦l x ∈ ∗
= yy◦l◦y◦◦xy◦l
= yy◦ly◦◦xy◦l S◦SS◦ ⊆ S◦
= yy◦lyy◦y◦◦xy◦l y ∈ R
= lyy◦y◦◦xy◦l  right regular
= lyxy◦l x ∈ ∗
and therefore yxy◦ ∈ ∗.
Remark. Note that by Theorem 9(2) we have that, when S is locally
inverse, ∗ satisﬁes condition 
C3 in the deﬁnition of an R-cone. However,
as the following example shows, ∗ is not in general an R-cone since it does
not satisfy 
C2.
Example 2. Let S be an inverse semigroup and let E
Sζ be the cen-
traliser of E
S. Suppose that S contains an element a such that a−1 = a
and a ∈ E
Sζ \ E
S. A simple example of such a semigroup is Z02. Let
M ≡ M
S 2 2P be the regular Rees matrix semigroup over S with
sandwich matrix P = [ 1 11 a ]. Consider the subset M◦ = 
1 x 1x ∈ S.
Clearly, this subsemigroup of M is isomorphic to S and so is inverse.
Now V 
mx n ∩M◦ = 
1 x−1 1 so M◦ is an inverse transversal of
M with 
mx n◦ = 
1 x−1 1. The elements of I are those of the form
i ≡ 
mx n
1 x−1 1 = 
mxx−1 1 and those of  are those of the
form l ≡ 
1 y−1 1
m y n = 
1 y−1y n. It follows immediately that
li ∈M◦ and so M◦ is a quasi-ideal of M . It is readily seen that ∗ consists
of the elements 
1 x n where exe = xe for every idempotent e ∈ S. Then

1 a 1 = 
1 a 1◦ ∈ ∗ ∩ 
∗◦ with 
1 a 1 /∈ E
M◦. Hence 
C2 fails.
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Theorem 10. Let S be locally inverse. If ≤ is an amenable order on S
then
C = x ∈ ∗x ≤ x2 = x ∈ ∗x◦x ≤ x
is an R-cone and
D = x ∈ I∗x ≤ x2 = x ∈ I∗xx◦ ≤ x
is an L-cone. Moreover, ≤ coincides with ≤CD.
Proof. The equivalent deﬁnitions of C are clear from the fact that
∗ ⊆ T . Note that then  ⊆ C ⊆ ∗ ⊆ T and, by Theorem 9(1), T ⊆ R.
Thus, if x y ∈ C we have x y ∈ R and so, by 
β,

xy◦xy = y◦x◦xy = y◦x◦xy◦y2 y = y◦y2
= y◦y◦yx◦xy◦y2  right regular
≤ y◦yxy◦y2 x y ∈ C
=xy◦y2 x ∈ ∗
=xy

Hence xy ∈ C and so C is a subsemigroup.
If now x ∈ C ∩ C◦ then x◦x ≤ x = y◦ where y◦y ≤ y. The ﬁrst gives
y◦◦y◦ ≤ y◦ whence y◦ ≤ y◦y◦; and the second gives y◦ ≤ yy◦ whence y◦y◦ ≤
y◦. Hence x = y◦ ∈ E
S◦ and so C ∩ C◦ ⊆ E
S◦. The reverse inclusion is
clear.
Finally, let x ∈ C and y ∈ R. Then by Theorem 9(2) we have yxy◦ ∈ ∗.
Also,

yxy◦◦yxy◦ = y◦◦
yx◦yxy◦
= y◦◦x◦y◦yxy◦ by 
β
= y◦◦x◦xy◦ x ∈ ∗
= yy◦y◦◦x◦xy◦ y ∈ R
= yy◦yx◦xy◦ S◦SS◦ ⊆ S◦
= yx◦xy◦
≤ yxy◦

Consequently, yxy◦ ∈ C and hence yCy◦ ⊆ C for every y ∈ R.
Hence C is an R-cone. Dually, D is an L-cone.
Consider the corresponding order ≤CD given by
x ≤CD y ⇐⇒ xx◦ ≤n yy◦ x◦y ∈ C
x◦x ≤n y◦y yx◦ ∈ D
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Observe that x◦y ∈ C gives y◦x◦◦x◦y ≤ x◦y whence
x◦◦x◦ = y◦◦y◦x◦◦x◦yy◦ ≤ y◦◦x◦yy◦ = y◦◦x◦

A similar observation holds regarding yx◦ ∈ D. We thus have
x ≤CD y⇒xx◦ ≤ yy◦ x◦◦x◦ ≤ y◦◦x◦
x◦x ≤ y◦y x◦x◦◦ ≤ x◦y◦◦
⇒x = xx◦x◦◦x◦x ≤ yy◦y◦◦y◦y = y

Thus ≤CD implies ≤.
To show conversely that ≤ implies ≤CD observe that, since ≤ is amenable
by hypothesis, from x ≤ y we deduce that
x◦◦ = x◦◦x◦ · x · x◦x◦◦ ≤ y◦◦y◦ · y · y◦y◦◦ = y◦◦

Consequently,

x◦y◦x◦y = y◦x◦◦x◦y ≤ y◦y◦◦x◦y = x◦y

It sufﬁces therefore to show that x◦y ∈ ∗, for then we will have x◦y ∈ C
and a dual argument will give yx◦ ∈ D.
Now from x ≤ y and amenability we obtain
x◦xl
x◦xl◦x◦y ≤ x◦yl
x◦yl◦x◦y

The left-hand side of this can be written
x◦xll◦x◦x◦◦x◦y = x◦xl◦x◦y =x◦x◦◦l◦x◦y S◦SS◦ ⊆ S◦
=x◦x◦◦lx◦y S◦SS◦ ⊆ S◦
= lx◦y  right normal
and the right-hand side can be written
x◦yll◦
x◦y◦x◦y =x◦yl◦
x◦y◦x◦y · y◦y
=x◦yl◦
x◦y◦
x◦y◦◦y◦y S◦SS◦ ⊆ S◦
=x◦y
x◦y◦
x◦y◦◦l◦y◦y
=
x◦y◦◦l◦y◦y S◦S ⊆ R
=x◦y◦◦l◦y◦y
=x◦yly◦y S◦SS◦ ⊆ S◦

We therefore have lx◦y ≤ x◦yly◦y whence
lx◦yl ≤ x◦yly◦yl = x◦yl
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On the other hand, 
x◦y◦x◦y ≤ x◦y gives lx◦yl ≥ l
x◦y◦x◦yl =

x◦y◦x◦yl and therefore
x◦y
lx◦yl◦lx◦yl ≥ x◦y

x◦y◦x◦yl◦R◦
x◦y◦x◦yl

The left-hand side of this can be written
x◦yl◦
lx◦y◦lx◦yl=x◦y
lx◦y◦lx◦yl  left normal
=x◦y
x◦y◦l◦lx◦yl
=x◦y◦◦
x◦y◦lx◦yl S◦SS◦ ⊆ S◦
= 
x◦y◦◦
x◦y◦lx◦yl
= l
x◦y◦◦
x◦y◦x◦yl  left normal
= lx◦yl S◦S ⊆ R
and the right-hand side can be written
x◦yl◦
x◦y◦
x◦y◦◦
x◦y◦x◦yl=x◦yl◦
x◦y◦x◦yl
=x◦y
x◦y◦x◦yl
=x◦yl

Hence we have the reverse inequality. Combining these we see that
x◦y ∈ ∗ as required.
Corollary 1. If S is locally inverse then an order on S is amenable if
and only if it is of the form ≤QP for some R-cone Q and some L-cone P .
It is clear that if Q, Q′ are R-cones and P , P ′ are L-cones of S with
Q ⊆ Q′ and P ⊆ P ′ then ≤QP implies ≤Q′ P ′ .
Theorem 11. If S is locally inverse then the smallest amenable order on S
is given by ≤ I and coincides with ≤n.
Proof. It is clear from the above that the smallest amenable order on S
is ≤ I . Now, by Theorem 2(1), ≤n is amenable. It follows by Theorem 10
that ≤n coincides with ≤CD where
C = x ∈ ∗x ≤n x2 D = x ∈ I∗x ≤n x2

As in the proof of Theorem 2(3), we have
C = x ∈ ∗x = x2 = E
∗ = 
and similarly D = I. Hence ≤n and ≤ I coincide.
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Our objective now is to determine precisely when two amenable orders
on S coincide. For this purpose, we consider the set
# = x ∈ S 
x2◦ = 
x◦2

In general, we have # = S. In fact, if # = S then for every e ∈ E
S we
have e◦ ∈ E
S◦ whence, by [1, Theorem 1.11], the inverse transversal S◦ is
weakly multiplicative.
The following result will be useful in the sequel.
Theorem 12. T ⊆ #.
Proof. If x ∈ T then x = x◦x2 gives x2
x◦2x2 = x2x◦x = x2 and

x◦2x2
x◦2 = x◦x
x◦2 = 
x◦2, so that 
x◦2 ∈ V 
x2 ∩ S◦ and therefore

x◦2 = 
x2◦.
In what follows we shall assume that S is locally inverse with an inverse
transversal S◦ and that QP are respectively an R-cone and an L-cone of S.
By Theorem 10, corresponding to the amenable order ≤QP we have the
cones
CQP = x ∈ ∗x ≤QP x2 DQP = x ∈ I∗x ≤QP x2

Conveniently, these can be described in terms of Q and P . For this purpose
we introduce the following notation. For every subset X of S, we let
X̂ = x ∈ Sx◦◦ ∈ X

The following result then strengthens Theorem 5.
Theorem 13. If Q is an R-cone then Q = ∗ ∩ Q̂.
Proof. It is clear that Q ⊆ ∗ ∩ Q̂. Conversely, if x ∈ ∗ ∩ Q̂ then x ∈ R
and x◦◦ ∈ Q. Consequently x = x◦◦x◦x ∈ Q ⊆ Q.
Theorem 14. CQP = Q ∩ P̂ and DQP = Q̂ ∩ P .
Proof. If x ∈ CQP then we have x ∈ ∗ and x◦x2 ∈ Q, x2x◦ ∈ P . Since
∗ ⊆ T we obtain x = x◦x2 ∈ Q. Since T ⊆ R we then have x◦◦ = xx◦x◦◦ =
x◦x2x◦x◦◦ ∈ P by the property corresponding to 
C3. Consequently, x ∈ P̂ ,
and so x ∈ Q ∩ P̂ .
Conversely, if x ∈ Q ∩ P̂ then x ∈ T and so x = x◦x2 whence, by The-
orem 12, x◦x = 
x◦2x2 = 
x2◦x2; and x◦◦ ∈ P whence, dually, x◦◦ =

x◦◦2x◦. It follows that
x◦◦ = x◦x◦◦x◦◦ = x◦x◦◦ · x◦◦x◦◦x◦ =x◦
xxx◦◦x◦ x ∈ R
=x◦xxxx◦ S◦SS◦ ⊆ S◦
=xxx◦
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Thus, on the one hand, we have x2x◦ ∈ P; and on the other, since x ∈ R,
we have xx◦ = x◦◦x◦ = x2
x2◦. Combining these observations, we see that
x ≤QP x2 and therefore x ∈ CQP .
We can now determine when two amenable orders are the same.
Theorem 15. The following statements are equivalent:
(1) ≤QP=≤Q′ P ′ ;
(2) CQP = CQ′ P ′ and DQP = DQ′ P ′ ;
(3) Q ∩ P = Q′ ∩ P ′.
Proof. 
1 ⇒ 
2 This is clear from the deﬁnitions of CQP and DQP .

2 ⇒ 
3 This is immediate by Theorem 14 since Q ⊆ Q̂ and
P ⊆ P̂ .

3 ⇒ 
2 If 
3 holds then by Theorem 13 we have
Q ∩ P̂ = ∗ ∩ Q̂ ∩ P = ∗ ∩ ̂Q′ ∩ P ′ = Q′ ∩ P̂ ′
and similarly Q̂ ∩ P = Q̂′ ∩ P . Then, by Theorem 14, 
2 holds.

2 ⇒ 
1 Suppose now that (2) holds and that x ≤QP y. Then
x◦x ≤n y◦y xx◦ ≤n yy◦ x◦y ∈ Q yx◦ ∈ P

Now x◦y ∈ Q and xx◦ ≤n yy◦ give y◦◦x◦ = y◦◦x◦yy◦ ∈ Q by 
C3, and
therefore yx◦ ∈ Q̂ ∩ P = Q̂′ ∩ P ′ ⊆ P ′. Similarly, yx◦ ∈ P and x◦x ≤n y◦y
give x◦y ∈ Q′. It follows that x ≤Q′ P ′ y. Interchanging the roles of QP
and Q′ P ′ we deduce that ≤QP and ≤Q′ P ′ coincide.
Our objective now is to relate amenable orders on S with the McAlister
cones of the inverse semigroup S◦. For this purpose, consider the set
E
S◦ζ = x ∈ S 
∀e◦ ∈ E
S◦ xe◦ = e◦x
which is the centraliser in S of E
S◦. In the following two theorems we do
not require S to be locally inverse.
Theorem 16. ∗ ∩ I∗ = E
S◦ζ ⊆ S◦.
Proof. If x ∈ E
S◦ζ then for every l ∈  we have lxl = lxl◦l = ll◦xl =
l◦xl = xl◦l = xl, so that x ∈ ∗. Dually, we see that x ∈ I∗ and so E
S◦ζ ⊆
∗ ∩ I∗ ⊆ R ∩ L = S◦.
Conversely, if x ∈ ∗ ∩ I∗ then lxl = xl for every l ∈ , and ixi = ix for
every i ∈ I. Then for every e◦ ∈ E
S◦ =  ∩ I we have xe◦ = e◦xe◦ = e◦x
and therefore x ∈ E
S◦ζ.
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Corollary 2. The following statements are equivalent:
(1) S◦ is a Clifford semigroup;
(2) ∗ = R and I∗ = L.
Proof. 
1 ⇒ 
2 If S◦ is Clifford then S◦ = E
S◦ζ and therefore
S◦ ⊆ ∗. Consequently, for every x ∈ S we have x◦◦x◦x = x◦xx◦◦x◦x. If
therefore x ∈ R we see that x = x◦xx so that x ∈ T , whence R ⊆ T . It
follows by Theorem 3 that ∗ = R, and dually we have I∗ = L.

2 ⇒ 
1 If (2) holds then E
S◦ζ = ∗ ∩ I∗ = R ∩ L = S◦,
whence S◦ is Clifford.
It is clear from Theorem 16 that if Q is an R-cone and P is an L-cone
of S then Q ∩ P is a full subsemigroup of E
S◦ζ. We can say more:
Theorem 17. Q ∩ P is a McAlister cone of S◦.
Proof. Let M = Q ∩ P . Then from the above M ⊆ E
S◦ζ, and M ∩
M◦ ⊆ Q ∩Q◦ = E
S◦. Moreover, if m ∈M then for every x ∈ S◦ we have,
by 
C3, its dual, and the fact that S◦ = R ∩ L, that xmx◦ ∈ Q ∩ P = M .
Thus M is a McAlister cone of S◦.
We can now establish the following result.
Theorem 18. Let S be a locally inverse semigroup with an inverse
transversal S◦. Then there is a bijection from the set of amenable orders
deﬁnable on S to the set of McAlister cones of S◦.
Proof. Let  be the set of amenable orders deﬁnable on S, and let  be
the set of McAlister cones of S◦. Then, using the corollary to Theorem 10
and Theorems 15 and 17, we see that the mapping ϕ  →  given by
ϕ
≤QP = Q ∩ P is well deﬁned and injective. It remains therefore to
show that ϕ is surjective.
For this purpose, let M ∈  and consider the semigroup M ∪  . For
every m ∈ M and every l ∈  we have, since S◦SS◦ ⊆ S◦, lm = l◦lm =
l◦l◦m = l◦m = ml◦. It follows that every element of M ∪  is either an
element of  or is in M. Hence M ∪  = M ∪ , and in a similar
way we see that M ∪ I = IM ∪ I. We show as follows that M ∪  is an
R-cone.
First, it is clear that M ∪  is a full subsemigroup of T , so that 
C1
holds. Next, we observe that if x ∈ 
M ∪  ∩ 
M ∪ ◦ then either
x ∈  ∩ S◦ = E
S◦, x = l◦ ∈ E
S◦, or x = m1l1 = 
m2l2◦. In the last
of these cases we have x◦ = 
m2l2◦◦ = m◦◦2 l◦2 = m2l◦2 ∈ ME
S◦ ⊆ M ,
and likewise x = x◦◦ = 
m1l◦◦ = m◦◦1 l◦ = m1l◦ ∈ ME
S◦ ⊆ M , so that
x ∈ M ∩M◦ = E
S◦. Hence M ∪  satisﬁes 
C2. As for 
C3, suppose
that q ∈M ∪  and that x ∈ R. Then xqx◦ is of the form xlx◦ or xmlx◦.
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In the former case, since  is an R-cone, we have xlx◦ ∈ ; and in the
latter we have, using the fact that S◦SS◦ ⊆ S◦,
xmlx◦ = x◦◦x◦xm◦◦lx◦ = x◦◦x◦x◦◦m◦◦l◦x◦ = x◦◦ml◦x◦ ∈ x◦◦Mx◦ ⊆M

Hence 
C3 is satisﬁed and so M ∪  is an R-cone. Dually, IM ∪ I is an
L-cone.
To show that ϕ is surjective, it sufﬁces to prove that ϕ
≤M∪ IM∪I =M ,
or in other words that 
M ∪ ∩ 
IM ∪ I =M . For this, we observe that
the left-hand side is

M ∩ IM ∪ 
 ∩ IM ∪ 
M ∩ I ∪ 
 ∩ I

Now each of these components is contained in M . In fact,
(1)  ∩ I = E
S◦ ⊆M;
(2) if x ∈ M ∩ I then, since M ⊆ ∗ and S◦ is a quasi-ideal, x =
i = ml = lml = li ∈ I ⊆ S◦ and therefore x ∈ I ∩ S◦ = E
S◦ ⊆M;
(3) this is similar to (2);
(4) if x ∈ M ∩ IM then x = m1l = im2 = im2i = m1li ∈ S◦I ⊆
S◦S◦ = S◦ and therefore x = x◦◦ = 
m1l◦◦ = m◦◦1 l◦ = m1l◦ ∈ ME
S◦
⊆M .
Thus we see that 
M ∪  ∩ 
IM ∪ I ⊆ M . Since clearly M ⊆ M ∪
 = M ∪  and M ⊆ M ∪ I = IM ∪ I, we have the reverse inclusion.
Hence ϕ is also surjective and is therefore a bijection.
Corollary 3. Every amenable order on S◦ extends to a unique amenable
order on S.
Proof. Let ≤ be an amenable order on S◦. Then corresponding to ≤
there is a unique McAlister cone M of S◦, and corresponding to M there
is a unique amenable order ≤1 on S. Then the restriction of ≤1 to S◦ is
amenable on S◦ with associated McAlister cone M , and therefore coincides
with ≤. Hence ≤1 is the unique extension to S of ≤.
Corollary 4. If S◦ is fundamental then the only amenable order deﬁn-
able on S is ≤n.
Proof. If S◦ is fundamental then E
S◦ζ = E
S◦, so that S◦ has only
one McAlister cone, namely E
S◦.
The internal structure of a McAlister cone of an inverse semigroup has
been determined by McAlister in [6, Theorem 2.8]. Our ﬁnal objective is
to obtain a similar structure theorem for particular R-cones of a locally
inverse semigroup. These arise from the following observation.
Theorem 19. If Q is an R-cone then so is Q ∩ Î∗.
inverse transversals 161
Proof. Let A = Q ∩ Î∗. If x y ∈ A then x y ∈ R and x◦◦ y◦◦ ∈ I∗,
whence 
xy◦◦ = x◦◦y◦◦ ∈ I∗ and so xy ∈ Î∗. Since also xy ∈ Q we have
xy ∈ A. Thus A is a subsemigroup of T . To see that 
C1 holds, we observe
that  ⊆ Q and for every l ∈  we have l◦ ∈ E
S◦ ⊆ I ⊆ I∗ and so
l ∈ Î∗. Hence  ⊆ A and 
C1 follows. As for 
C2 we have, on the one
hand, A ∩A◦ ⊆ Q ∩ Q◦ = E
S◦ and, on the other, if e ∈ E
S◦ =  ∩ I
then e ∈ Q ∩ Î∗ = A. Hence we have 
C2. Finally, let x ∈ R and a ∈ A.
Since a ∈ Q we have xax◦ ∈ Q, and since also a ∈ R we have 
xax◦◦◦ =
x◦◦a◦◦x◦ ∈ I∗ by the dual of Theorem 9 since a◦◦ ∈ I∗. Hence xAx◦ ⊆ A
and we have 
C3.
Deﬁnition. We say that an R-cone Q [L-cone P] is prime if Q ⊆ Î∗
[P ⊆ ̂∗.
It is immediate from Theorem 19 that for every R-cone Q there is a
biggest prime R-cone that is contained in Q, namely Q ∩ Î∗. Our interest
in prime cones stems from the observation that if Q is an R-cone and P is
an L-cone then the cones CQP = Q ∩ P̂ and DQP = Q̂ ∩ P are prime. The
speciﬁc connection with amenable orders is the following.
Theorem 20. If S is locally inverse with an inverse transversal S◦ then
there is a bijection from the set of amenable orders deﬁnable on S to the set of
pairs 
CD of 
RL-cones with Ĉ = D̂. Moreover, C and D are necessarily
prime.
Proof. It sufﬁces to observe that C = Q ∩ P̂ and D = Q̂ ∩ P are such
that Ĉ = D̂.
The structure of prime R-cones can be characterised as follows.
Deﬁnition. When S is locally inverse, a family Ae e ∈ E
S◦ of sub-
semigroups of S will be called R-conjugate if, for every e ∈ E
S◦,
(1) Ae ∩A◦e = e;
(2) 
∀x ∈ R xAex◦ ⊆ Axex◦ .
Observe that here xex◦ = x◦◦x◦xe◦x◦ = x◦◦x◦x◦◦e◦x◦ = x◦◦e◦x◦ ∈ E
S◦

Theorem 21. If S is locally inverse with an inverse transversal S◦ then
the prime R-cones of S are precisely the full subsemigroups of ∗ ∩ Î∗ whose
-classes form an R-conjugate family of subsemigroups.
Proof. Suppose that Q is a prime R-cone. Then clearly Q is a full sub-
semigroup of ∗ ∩ Î∗. Since Q ⊆ R we have xxx◦ = x◦◦x◦ for every x ∈ Q
and so the -classes of Q are the sets Qe = Q ∩e where e ∈ E
S◦.
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Now each Qe is a subsemigroup. In fact, if x y ∈ Qe then x y ∈ Q ⊆ R
and so
xy
xy◦ = xyy◦x◦ = xe◦x◦ = e◦xe◦x◦ x ∈ ∗
= e◦x◦◦e◦x◦ S◦SS◦ ⊆ S◦
= e◦x◦◦x◦ x◦◦ ∈ I∗
= e◦

Hence xy ∈ Q ∩e = Qe.
That Qe ∩ Q◦e = e follows from the fact that, on the one hand, Qe ∩
Q◦e ⊆ Q ∩ Q◦ = E
S◦ and, on the other hand, that the only element of
E
S◦ that belongs to e is e◦ = e.
Now let x ∈ R and a ∈ Qe. Then xax◦ ∈ xQx◦ ⊆ Q. Also
xax◦
xax◦◦ =xax◦x◦◦a◦x◦
=xx◦x◦◦ax◦x◦◦a◦x◦ a ∈ ∗
=xx◦x◦◦a◦◦x◦x◦◦a◦x◦ S◦SS◦ ⊆ S◦
=xx◦x◦◦a◦◦a◦x◦ a◦◦ ∈ I∗
=x◦◦a◦◦a◦x◦ x ∈ R
=x◦◦e◦x◦
=xex◦ ∈ E
S◦
and so xax◦ ∈ xex◦ . Consequently xax◦ ∈ Qxex◦ and so xQx◦ ⊆ Qxex◦ .
Hence the -classes of Q form an R-conjugate family of subsemigroups.
Conversely, suppose that A is a full subsemigroup of ∗ ∩ Î∗ whose -
classes form an R-conjugate family of subsemigroups. Then trivially A sat-
isﬁes 
C1. As above, the -classes of A are the sets Ae = A ∩e where
e ∈ E
S◦. Now A ∩ A◦ ⊆ ⋃e
Ae ∩ A◦e = ⋃ee = E
S◦, whereas for
every e ∈ E
S◦ we have e = e◦ ∈ Ae ∩A◦e ⊆ A∩A◦. ThusA∩A◦ = E
S◦
and 
C2 holds. As for 
C3, let a ∈ A and x ∈ R. Then x ∈ Ae for some
e ∈ E
S◦ and so xax◦ ∈ xAex◦ ⊆ Axex◦ ⊆ A, whence xAx◦ ⊆ A. Thus we
see that A is an R-cone which, by its deﬁnition, is prime.
Example 3. Consider the set
S =
{[
a b
c a−1bc
]
 a b c ∈ R a = 0
}
∪
{[
0 0
0 0
]}
that consists of all singular real 2 × 2 matrices whose leading entry is non-
zero, together with the zero matrix. Then under matrix multiplication S is
a regular semigroup and
S◦ =
{[
a−1 0
0 0
]
 a = 0
}
∪
{[
0 0
0 0
]}
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is a quasi-ideal inverse transversal of S. Here we have
 =
{[
1 b
0 0
]
 b ∈ R
}
∪
{[
0 0
0 0
]}
with a dual description for I. Then
E
S◦ =
{[
1 0
0 0
]

[
0 0
0 0
]}
≡ 1 0

Thus we see that S◦ is a Clifford semigroup and so, by the corollary to
Theorem 16, we have
∗ = R =
{[
a b
0 0
]
 a = 0
}
∪
{[
0 0
0 0
]}
and dually I∗ = L. Since R has only two -classes (namely, those of 1 and
0), it is readily seen from Theorem 21 that the prime R-cones of S are
precisely the full subsemigroups of R such that, for every element A,
A ∩◦A =
{
0 if A = 0
1 if A = 0.
Thus, for example,
Q =
{[
a b
0 0
]
 a ∈ N\0
}
∪
{[
0 0
0 0
]}
is a prime R-cone as is, for every integer k ≥ 1, the set
Qk =
{[
a b
0 0
]
 a ∈ 2kN+ 1
}
∪
{[
0 0
0 0
]}


Dually, for example, we can see that
P =
{[
a 0
c 0
]
 a ∈ N\0
}
∪
{[
0 0
0 0
]}
is a prime L-cone as is, for every integer k ≥ 1, the set
Pk =
{[
a 0
c 0
]
 a = 1 or a ∈ 2kN\0
}
∪
{[
0 0
0 0
]}


The amenable order corresponding to 
QP, equivalently to the McAlister
cone
Q ∩ P =
{[
a 0
0 0
]
 a ∈ N\0
}
∪
{[
0 0
0 0
]}

is given by
A ≤QP B ⇐⇒ AA◦ ≤n BB◦ A◦A ≤n B◦B
A◦B ∈ Q BA◦ ∈ P
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Simple calculations reveal that we have
A ≤QP B ⇐⇒ A = 0 or 
∃n ∈ N\0 B = nA.
Since for r s ≥ 1 we have Qr ∩ Ps = E
S◦, the amenable order cor-
responding to 
Qr Ps is the natural order ≤n. This is readily seen to be
given by
A ≤n B ⇐⇒ A = 0 or A = B.
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